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The ma jo r i ty  of t h e  r e s u l t s  d e s c r i b i n g  t h e  input-output p r o p e r t i e s  
of feedback systems a r e  based on some p r o p e r t i e s  of l i n e a r  t ime-invariant  
systems. 
u s ing  t h e  sma l l  g a i n  theorem), t h e  Popov c r i t e r i o n  (say,  u s ing  t h e  pas s i -  
v i t y  theorem), and i n  t h e  u s e  of the loop s h i f t i n g  theorem which is  s o  
u s e f u l  t o  s h i f t  s e c t o r s  of the form [0 ,  k ]  t o  [kl, k2]. 
important t o  o b t a i n  most gene ra l  r e s u l t s  concerning l i n e a r  t ime-invariant  
systems. W e  propose t o  p re sen t  some r e c e n t  developments i n  t h i s  f i e l d  
which improve upon t h e  r e s u l t s -  of [ l - 4 1 .  Furthermore we p a r t i c u l a r l y  
This is  t h e  case f o r  d e r i v a t i o n s  of t h e  c i r c l e  c r i t e r i o n  (say,  
Thus i t  i s  
emphasize t h e  p a r a l l e l i s m  t h a t  e x i s t s  between t h e  continuous-time case  
and t h e  d i sc re t e - t ime  case. 
We consider  an n-input,  n-output,  l i n e a r  t ime-invariant  feedback 
system. To s t a r t  w i th ,  w e  assume u n i t y  feedback. The open loop ga in  
is  s p e c i f i e d  by t h e  n x n ma t r ix  t r a n s f e r  f u n c t i o n  G ( s )  i n  t h e  continueus 
cPje and G(z) i n  t h e  d i sc re t e - t ime  czse. 
A 
- 
Notat ions.  --- 
I n  t h e  fol lowing,  R ( C )  denotes  t h e  f i e l d  of real (complex) numbers. 
Rn (Rnxn) denotes  t h e - s e t  of denotes  the nonnegative real  numbers. 9 
all n-vectors (nxn matrices) w i t h  elements i n  R .  Cn and (Enxn are s i m i -  
l a r l y  def ined.  For any 0 E [w 9 &(o) denotes  t h e  Banach a l g e b r a ,  111 s 
(where "b" i s  t h e  pointwise a d d i t i o n  azld product i s  t h e  convolut ion)  of 
gene ra l i zed  f u n c t i o n s  of t h e  form: 
i = O  c *  f o r  t < 0 
-1- 
f E Iha , and where t I-+ f,(t)e”Ot i s  i n  2’; wi th  0 = to < * 1  
03 
< OD. d n ( a )  d n x n ( o ) )  d.enotes t h e  set of a l l  n-vectors  i 
-cJ t  
/ f i l e  
i=o  
(nxn matrices) wi th  components i n  &(cJ) .  
of (j%(G). 
If CJ = 0, w e  w r i t e  cff i n s t ead  
A 
The s u p e r s c r i p t  (-) denotes  Laplace t ransforms:  2 = g [ f ] .  ( z -  
t ransforms:  =% [ f ] ) .  For a treatinent of a n a l y t i c  func t ions  t ak ing  
va lues  i n  g: see 171. nxn 
Typica l  among the new r e s u l t s  that w e  prove are 
Theorem 1. (Continuous-time) Suppose t h a t  
00 
-s t 
B 
C ( s )  = ga(S) + Gi i +  
i=O 
k ’  m 
0 : -  
aB 
K A ^  
= G k ( s )  4- B a=l f3=1 (S-P,) 
where 
A 
( a )  G,(*) E , A ~ ~ ( c T )  f o r some CT E R ;  
(b) Ra6 E (Enxn f o r  f3 = 1, 2, 0 . .  , ma, 01 = 1, 2 , 0 * * )  k 
(c )  f a r  ci = 1, 2, * * *  , k, Re[pa1 (5; and p, J pal f o r  a # a ’ .  
Under t h e s e  cond i t ions ,  i f  
(i) d e t  Rm # 0 for a = 1, 2, * * *  ¶ k  
cx 
and i f  
( i i )  i n f  I d e t [ I  + ;(s)]l > 0, 
R e s > c J  . - 
t hen  t h e  closed-loop impulse response H(  * ) is  i n  .An” ( 0 ) .  
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Theorem 2. 
k = 1 and ml = 1 (i.e. G has  only a s i m p l e  po le ,  pl, i n  the. c losed  h a l f  
p lane  R e  s > 0 ) .  Suppose a l s o  tha t  t h e  r e s idue  matrix R i s  s i n g u l a r .  
(Continuous-time) Suppose t h a t  8 ( s )  is given by (3)  and t h a t  
h 
11 - 
d. Under t h e s e  cond i t ions ,  i f  
and i f  
then  t h e  closed-loop impulse response H(* 5s i n  I pi”””(a> ~ 
Corol la ry  2.1.  
f o r  a = 1, 2 ,  * e *  
a lso  t h a t  
Suppose t h a t  t ( s )  i s  given by ( 3 )  but  t h a t  k > 1 and ma = 1 
h 
k (i.e. G ( s )  has  only simple po les  i n  R e  s - > G). Suppose 
( i )  e i t h e r  Get R # 0 a1 
o r ,  whenever det Hal = 0 we have 
and 
nxn 
Then t h e  closed-loop impulse response N is i n &  (0 ) .  
I n  t h e  d i sc re t e - t ime  case ,  t h e  impulse response i s  s p e c i f i e d  as a se- 
nxn 
quence of  ma t r i ces  i n  a (or R nm) say, ( G ~ ,  G ~ ,  G~~ . . e >. We say that 
a sequence belongs to R1 (p) f o r  some p o s i t i v e  real number p i f f  
co nxn al 
u -k IIG lip k < m9 and w e  say t h a t  i t s  corresponding z-t?ansform G(z) 
k= 0 0 
-3- 
-1 
is in Anxn(p). 
can be  found in [ 2 ] .  
The analogous results of Theorem 1 for the discrete-time ease 
We state below in Theorem 3 and Corollary 3.1 the dis- 
crete-time 
Theorem 3 .  
analogs to Theorem 2 and Corollary 2.1. 
(Discrete-time) Suppose that c ( z )  is given by 
where 
1. ., G&(*) E Rnxn(p) for some positive real p s  
E cnxn is singular. %1 
J-2. 
under these condi t ions ,  if' ' 
and If 
(ii) inf jdet[I 4 E ( z ) ] l  > 0 
Izl  2. p 
1 Then the closed-loop impulse response H E (p). Ilxn 
Corollary 3.1. Suppose that 6 ( z )  is given by 
'%22(z)  is defined similarly as in Theorezn 2. 
k 
-1 
z -a (1 - p,z-’) 
Roll 
a= 1 
(i) ei ther  d e t  R f 0 
or, whenever d e t  R 
a1 
= 0, we have a1 
Then t h e  closed-loop impulse  response  K i s  in R:xn(P). 
It i s  expected t h a t  t h e  final paper  w i l l  i n c l u d e  f u r t h e r  r e s u l t s .  
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